In this paper, we develop a new approach to blending of constant and varying parametric surfaces with curvature continuity. We propose a new mathematical model consisting of a vector-valued sixth-order partial differential equation (PDE) and time-dependent blending boundary constraints, and develop an approximate analytical solution of the mathematical model. The good accuracy and high computational efficiency are demonstrated by comparing the new approximate analytical solution with the corresponding accurate closed form solution. We also investigate the influence of the second partial derivatives on the continuity at trimlines, and apply the new approximate analytical solution in blending of constant and varying parametric surfaces with curvature continuity.
Introduction
Surfaces used in geometric modeling can be divided into explicit, implicit, and parametric surfaces. They can be mathematically represented with , respectively. Accordingly, surface blending can be grouped into explicit blending, implicit blending [1] , and parametric blending [2, 3] . Since parametric surfaces are most popular, this paper will focus on blending of constant and varying parametric surfaces with curvature continuity.
For blending of parametric surfaces, a comprehensive literature survey has been made in [4] . Although various blending methods have been developed, all these methods can deal with constant surfaces only which do not change their positions and shapes with time. By introducing a vector-valued dynamic fourthorder partial differentia equation (PDE), a new blending method has been proposed in [5] to create blending of varying parametric surfaces with tangential continuity. This paper will introduce a vector-valued sixth-order partial differentia equation to integrate both constant and varying parametric surface blending with curvature continuity.
In what follows, we first briefly review the related work in Section 2. Next, we propose the mathematical model of constant and varying parametric surface blending with curvature continuity which consists of a vector-valued sixth-order partial differential equation and blending boundary constraints, and develop an approximate analytical solution of the mathematical model in Section 3. After that, we investigate the implementation of the developed approach, compare the obtained approximate analytical solution with the corresponding accurate closed form solution, discuss the effects of second partial derivatives on the continuity at trimlines, and examine blending of constant parametric surfaces with curvature continuity in Section 4. Finally, we conclude the work given in this paper in Section 5.
Related work
Various blending methods of time-independent parametric surfaces have been developed. According to the survey paper [4] , these surface blending methods can be divided into: rolling-ballbased blends, spine-based blends, trimline-based blends, blends based on polyhedral methods and other methods including a cyclide solution, PDE-based blends, and Fourier-based blends. It was felt in the paper that the PDE-based blending method was a powerful means of surface generation.
Surface blending using a rolling ball is the most popular. It was introduced in [6] . With this method, a blending surface is created by rolling a ball along two primary surfaces. Various rolling-ball blending methods can be divided into constant-radius and variable-radius ones. Constant-radius rolling-ball blending methods were investigated in [6] [7] [8] [9] , and variable-radius rollingball blending methods were examined in [10] [11] [12] .
Cyclides were used to create some simple blending surfaces in [13, 14] . A Fourier-based blending method was proposed in [15] . And a symbolic approach was presented in [16] for the computation of blending surfaces.
Rolling-ball methods can create circular shapes of blending surfaces only. In general situations, the shapes of blending surfaces are noncircular. This problem can be tackled by other blending methods such as N-sided hole filling [17] [18] [19] [20] [21] [22] , vertex blending using S-patches [23, 24] , branching blends with Pythagorean normal surfaces [25] , or generating arbitrary shapes of blending surfaces with the following PDE-based methods.
Partial differential equation-based methods treat surface blending as a boundary value problem. The solution to a vectorvalued partial differential equation subjected to the constraints of boundary curves and the first, second and higher order partial derivatives at trimlines represents a blending surface. Since surface blending with tangent and curvature continuity is most frequently met in engineering and tangent continuity has been ____________________________________________________ Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. Copyrights for components of this work owned by others than ACM must be honored. investigated in [5] , this paper examines constant and varying parametric surface blending with curvature continuity.
PDE-based surface blending was pioneered in [26] . The main problem with PDE-based surface blending is how to solve partial differential equations. In order to raise the capability of PDEbased surface blending, various numerical methods such as the finite element method [27, 28] are developed. These numerical methods have the disadvantages of: 1) discrete boundary representations unsuitable for the requirement of good continuity, 2) heavy computational cost causing slow response, and 3) specific knowledge and skills of the numerical methods to carry out the numerical calculations. In order to overcome the disadvantages of numerical methods, some approximate analytical methods have been proposed in [29, 30] .
Most partial differential equation-based methods and all other surface blending approaches only deal with constant surface blending where primary surfaces do not move and change their shapes. The work given in [5] initiated the research into surface blending of dynamic varying parametric surfaces with tangential continuity. In the paper, a vector-valued dynamic fourth-order partial differential equation is used to develop a new approach which tackles blending of varying parametric surfaces with tangential continuity [5] . This paper changes the vector-valued dynamic fourth-order partial differential equation into a vectorvalued sixth-order partial differential equation, drops the time variable, and develops an accurate and efficiency approximate analytical solution to extend its capacity to blending of constant and varying parametric surface with curvature continuity.
Mathematical model and approximate analytical solution
Assuming two varying parametric surfaces to be smoothly blended together are 
connects two varying parametric surfaces at the positions 1 u u = and 2 u u = smoothly, it must satisfy the following blending boundary constraints.
The solution of a vector-valued sixth order partial differential equation contains 6 unknown constants. They can be used to satisfy the 6 constraints of the position functions and the first and second partial derivatives in blending boundary constraints (1) . Therefore, we choose the following vector-valued sixth order partial differential equation 
for surface blending with curvature continuity.
It is difficult to directly solve the mathematical model (2) subjected to the blending boundary constraints (1) . In order to simplify the solution, we introduce (2) , and change the mathematical model into the four sub mathematical models which consist of the sixth-order partial differential equations below 
and the following blending boundary constraints
) are the vector-valued constants.
are constants, and the closed form solution can be taken to be the form of
The above vector-valued function has exactly satisfied the partial differential equation (3) . Therefore, we substitute it into the corresponding blending boundary constraints (4) to determine the unknown vector-valued constants ) 1 ( n a . After substituting the determined vector-valued constants
) are the functions of the time variable t , and the closed form solution can be written in the form below
) are the functions of the parametric variable v , and the approximate analytical solution has the form below 
π π π π π π π γ (10) and ) , (
) are the functions of the parametric variable v and the time variable t , and the approximate analytical solution can be obtained below with the same method as above 
Accuracy, efficiency and applications
In this section, we implement the developed approximate analytical solution, compare it with the corresponding accurate closed form solution to demonstrate its good accuracy and high efficiency, discuss the influence of second partial derivatives with respect to the parametric variable u on the continuity at timelines, and examine constant surface blending with curvature continuity.
The approximate analytical solution and the corresponding accurate closed form solution, i. e. Equation (16) below, were implemented with C++ and OpenGL. All the examples were run on a same laptop with 2.5 GHz CPU.
Comparison between the obtained approximate analytical solution and the corresponding accurate closed form solution
First, we use a surface blending example to make a comparison between the developed approximate analytical solution and the accurate closed form solution. The comparison is used to demonstrate good accuracy and high efficiency of the developed approximate analytical solution.
This example is to create a time-dependent blending surface between two separate elliptic cylinders represented with timedependent varying primary surfaces. The top primary surface for this example is defined by (14) and its first and second partial derivatives with respect to the parametric variable u , the blending boundary conditions are obtained as 
where the constants 0 q , 1 q , 2 q , xn C , yn C , and zn C ( = n 1,2,…,6) are determined by the partial differential equation (3) and boundary constraints (15) .
The blending surface obtained from the accurate closed form solution is also shown in Figure 1 where CFS indicates the closed form solution. The first image of the second row of the figure shows the profile curves of the blending surface obtained from M=10, 15, and 20 of the proposed approach and the closed form solution, and the profile curves are magnified in the second image of the second row with the two innermost profile curves from M=10. The second row of Figure 1 shows no visible difference between profile curves from M=15 and M=20 of the proposed approach and the closed form solution.
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M=15 M=20 CFS Fig. 1 Blending surfaces generated by different M values.
The errors of the proposed approach against the corresponding accurate closed form solution are given in Table 1 . The computational time are also given in the same table where AAE, AME, RAE, and RME indicate the absolute average error, absolute maximum error, relative average error, and relative maximum error, respectively.
The images depicted in Figure 1 and the data given in Table 1 demonstrate good accuracy and high computational efficiency of the proposed approach. When M increases from 10 to 20, the relative average error of the proposed approach decrease from , and the computational time increases from 20.8 milliseconds to 75.5 milliseconds which is at the same order as the accurate closed form solution. Unlike the accurate closed form solution which is applicable to simple blending boundary constraints involving constants, sine and cosine functions, and exponential functions only, the proposed approach is applicable to various complicated blending boundary constraints. , the blending surfaces at these time instants are obtained and depicted in Figure 2 where the first row is from the front view and the second row is from the side view. Fig. 2 Blending surfaces at different time instants.
The images shown in Figure 2 indicates that at different time instants, the proposed approach always creates blending surfaces of curvature continuity to smoothly connect primary surfaces together.
Effects of second partial derivatives
Unlike surface blending with tangential continuity presented in [5] which only maintains the continuities of the position functions and first partial derivatives at trimlines, the surface blending with curvature continuity proposed in this paper further introduces second partial derivatives at trimlines to achieve higher continuity. In this subsection, we will demonstrate how second partial derivatives at trimlines affect the continuity between the blending surface and primary surfaces. Setting 05 . 0 = t and keeping all the position functions, all the first partial derivatives, and the second partial derivatives of the surface functions x and y for both the blending surface and primary surfaces at timelines same as those given in Eq. (15), the following three different cases of the second partial derivatives of the surface function z shown in Table 2 Comparing these images, we can conclude: 1) when the blending surface and primary surfaces have the same second partial derivatives at the trimlines, good continuity between the blending surface and the primary surfaces is obtained as shown in Figure 3 (a); 2) different second partial derivatives between the blending surface and primary surfaces will cause discontinuity at the trimlines as indicted in Figures 3(b) and 3(c) ; 3) the larger is the difference of the second partial derivatives between the blending surface and primary surfaces, the more serious is the discontinuity as demonstrated in Figure 3 (c).
Blending of constant parametric surfaces
Finally, we investigate how the developed approach can be used to blend constant parametric surfaces with curvature continuity. This example is to blend two perpendicular planes which is a very common engineering problem. The blending boundary constraints for this surface belnding can be taken to be Figure 4 . It is clear that the proposed approach is effective in blending constant parametric surfaces with curvature continuity.
The second example is to blend the frustum of a declined circular cone and a declined plane at a specified circle with curvature continuity. The top parametric surface can be described by the following equations , we obtain the blending surface and depict it in Figure 5 where the two images shown in Figure 5 (a) and Figure 5 (b) are from different view angles.
Conclusions
In this paper, we have developed a new surface blending method to create a blending surface of curvature continuity between two constant and varying parametric surfaces.
In order to develop this method, we have formulated the mathematical model consisting of a vector-valued sixth-order partial differential equation and blending boundary constraints, and obtained an approximate analytical solution to achieve surface blending of curvature continuity easily and efficiently. The comparison between the approximate analytical solution and the corresponding accurate closed form solution demonstrates that the developed approximate analytical solution has good accuracy and high computational efficiency.
We also investigated how the second partial derivatives affect the continuity at trimlines. It was found that the same second partial derivatives between the blending and primary surfaces guarantee good continuity at the trimlines, but different second partial derivatives between the blending and primary surfaces cause discontinuity at the trimlines.
Finally, we employed the developed approximate analytical solution to blend constant surfaces whose positions and shapes do not change with the time. The application demonstrates the developed approximate analytical solution is effective in dealing with blending of both constant and varying parametric surfaces with curvature continuity.
